Universal nonlinear scattering processes such as Brillouin, Raman, and Kerr effects are fundamental light-matter interactions of particular theoretical and experimental importance. They originate from the interaction of a laser field with an optical medium at the lattice, molecular, and electronic scale, respectively. These nonlinear effects are generally observed and analyzed separately, because they do not often occur concomitantly. In this article, we report the simultaneous excitation of these three fundamental interactions in mm-size ultra-high Q whispering gallery mode resonators under continuous wave pumping. Universal nonlinear scattering is demonstrated in barium fluoride and strontium fluoride, separately. We further propose a unified theory based on a spatiotemporal formalism for the understanding of this phenomenology. 
Introduction
Stimulated Brillouin, Raman and Kerr scattering are nonlinear optical processes that have been attracting great interest for decades [1, 2] . To enhance and observe these effects, tightly confined waveguide structures ranging from optical fibers to on-chip circuits have been used [3] [4] [5] [6] . Further generation of stimulated Brillouin, Raman and Kerr scattering with relatively low pump power in the continuous-wave regime typically requires an optical cavity with small mode volume and ultra-high quality (Q) factor (that is, ultra-low loss). In this regard, cavity geometries based on chip-scale resonators have been demonstrated to be very successful solutions [7] [8] [9] . Another important platform has been the whispering gallery mode (WGM) cavity in which light is confined by successive total internal reflections at its inner circular interface. Such resonators are capable of featuring ultra-high Q factors in a very small mode volume [10, 11] . Mechanical polishing has been applied to utilize various crystalline materials, which lead to the recorded high Q-factors in the order of 10 11 at 1.55 µm [12] . The main interest of such ultra-high Q resonators is that the long photon lifetime enhances the nonlinear effects, and enables to observe them with much smaller pump powers. This is why over the past few years, a plethora of ultrahigh Q cavities made from nonlinear crystals have been demonstrated, even for applications into the ultraviolet and the mid-infrared frequency ranges [13] [14] [15] .
Brillouin, Raman and Kerr scattering processes are schematically described in Fig. 1 . Bril- The ultra-high Q resonator features a long photon lifetime (∼ 1 µs) which increases the probability of occurrence for nonlinear interactions. Above a certain pump power threshold, these scattering effects become stimulated and can be steadily observed.
louin scattering corresponds to the interactionhω p →hω s +hΩ B , where a pump photon is scattered into a Stokes photon and an acoustical phonon (elastic lattice oscillation) whose frequency Ω B /2π is generally of the order of 10 GHz [16] [17] [18] [19] [20] [21] . On the other hand, Raman scattering obeys hω p →hω s +hΩ R where the pump photon is downshifted to a Stokes photon after releasing an optical phonon (molecular vibration transition) with frequency Ω R /2π ∼ 10 THz [22-27]. The Kerr effect relies on the four-wave mixing (FWM) interactionhω α +hω β →hω η +hω µ , which is coherent and subjected to strict phase matching conditions [28] [29] [30] [31] [32] [33] [34] [35] [36] . This latter interaction is mediated by the quasi-instantaneous response of the electronic cloud of the lattice. In an ultra-high-Q WGM resonator with versatile transverse mode families, specific conditions can be found to combine different nonlinear effects in a single resonator. The coexistence and competition of Kerr and stimulated Raman scattering effects in WGM resonators have been studied by different groups [37, 38] . The competition between Kerr frequency comb and both stimulated Brillouin and Raman scattering has also been discussed in calcium fluoride and magnesium fluoride resonators [39] . Although the coexistence of different effects are usually problematic, the combination of these effects can also be used in applications including new spectral components generation. To date, Kerr assisted Raman lasing, Raman assisted sum-frequency generation and hyperparametric oscillation have been realized and investigated [22, 23, [40] [41] [42] [43] .
In this article, we present the investigation of simultaneous excitation of Brillouin, Raman and Kerr effects in WGM cavities made from barium fluoride (BaF 2 ) and strontium fluoride (SrF 2 ) separately. So far, the very different multi-resonant and phase matching conditions required by Brillouin, Raman and Kerr interactions have made it difficult to excite them simultaneously, especially in the CW pump case. The specific advantage of monolithic WGM resonators is that their modal structure can allow to satisfy all these requirements at once. We show that crystalline WGM resonators therefore arise as ideal platforms in order to investigate the complex interplay of these three fundamental interactions, and we propose a full spatiotemporal model which provides an insightful understanding about these complex scattering phenomena.
Scheme and experimental setup
The scheme in Fig. 2(a) strongest nonlinear gain but with a narrow bandwidth. It also has a relatively small frequency shift ω B , typically in GHz level depending on the formation mechanism. On the other hand, the Raman gain is weaker, but it has a much larger frequency shift Ω R and a wider gain bandwidth. These two parameters are linked to the elastic constants and molecule vibrations transitions. They are usually very different and dependent of the material itself. On the other hand, FWM processes are based on the Kerr nonlinearity and require strict phase matching condition. Considering WGMs in a cavity, this phase matching condition can be seen as the momentum conservation in the azimuthal mode indices. Therefore, the FWM comb usually occurs with a frequency spacing matching single or multiple free spectral range (FSR) .
The experimental setup to observe these nonlinear effects is shown in Fig. 2(b) . The pump source is a CW tunable laser with sub-kHz instantaneous linewidth at the wavelength of 1550 nm. The evanescent wave coupling technique was applied to efficiently excite the high Q factor WGMs in the monolithic disk cavity. In this experiment, a SF11 prism was used for the excitation of the modes in BaF2 disk. The pitailed gradient index (GRIN) lens L1 focused the incident pump light at the backside of the prism where total internal reflection occurs. The incident angle α was chosen such that it follows the phase matching condition α = sin −1 (n c /n p ) where n c and n p are the refractive indices of the cavity and the prism, respectively [44] . The reflected light from the prism was then collected into a single mode fiber using the lens L2. The measured coupling efficiency is up to 70% when the reflected light was directly focused on a photodetector. The coupling from the incident fiber to the output one is about 70%. A fiber polarization controller optimized the incident light for the WGM excitation. The output light was attenuated using a variable fiber optical attenuator (VOA). The 50/50 fiber coupler (FC) and the 10/90 one split the output light separately into a photodetector PD1, a fiber spectrum analyzer OSA1 with the resolution down to 0.1 nm (or 12.5 GHz) and a high resolution one OSA2 (APEX OSA) with a resolution down to 10 MHz. The laser frequency was ramped by a amplified triangle wave to scan across the selected WGM during the measurement. Another fiber direction coupler inserted before L1 then directed 10% of the feedback light in the backward direction into the photodetector PD2 or the high resolution spectrum analyzer OSA2. 
Experimental results: universal nonlinear scattering in barium fluoride
Monolithic crystalline optical cavities made of BaF 2 with Q factors up to one billion has been recently demonstrated [45] . BaF 2 is a very interesting material due to its scintillation feature for high energy particle detection [46] and its very low anomalous material dispersion in the midinfrared light regime for potential Kerr frequency comb generation [47] . As it has a refractive index of 1.466 at 1550 nm, larger than that of an optical fiber. The prism coupling method using SF11 glass was used to excite high-Q WGMs in BaF 2 cavities as shown in Fig. 2(b) . The incident power at the input port was first set at 100 mW for the pumping. Figure 3 (a) presents an optical spectrum covering the spectral range from 1540 to 1615 nm. A new wavelength peak was observed at 1608.6 nm. The measured frequency shift in wavenumber (∆Ω R ) is 240 cm −1 , which is in good agreement with the known Raman shift of about 238 cm −1 [48] . To further explore the spectral components in detail, a branch of the output light was also monitored by the OSA2 with a high resolution set at 100 MHz as shown in Fig. 3(b,c) . One can notify a comb with frequency spacing of 5.5 GHz around the pump wavelength and a multiwavelength Raman laser with the same frequency spacing. Compared with the known Kerr optical frequency comb [28], the observed comb lines around the pump wavelength are always accompanied by the Raman comb. Thereby, we conclude that these new frequency components around the pump wavelength result from the FWM process between the pump laser and the Raman comb laser, as also reported in silica cavities [22, 41] . Moreover, one can clearly see a strong peak around the pump wavelength. It is separated from the pump by 16.6 GHz that is about twice of the calculated Brillouin shift of 8.27 GHz for BaF 2 [19] . To further investigate this peak, we have studied the optical spectra of the feedback light in the backward direction as shown in Fig. 3 (d,e) . Clear cascaded Brillouin lasing peaks from the first to the third Stokes are recognized around the pump wavelength. It should be mentioned that the cavity enhanced universal nonlinear scattering depends strongly on the resonance structures, it is also possible to harvest these lasers independently by choosing a proper mode and controlling its coupling strength. For instance, single Brillouin lasing was demonstrated in a BaF 2 disk [19] .
We also report here the observation of FWM between the pump and the even order Brillouin Stokes. It is known that FWM requires a strict phase matching condition. It is usually fulfilled by involving equally spaced modes in the same azimuthal family, leading to single or multiple FSR spacing. In a BaF 2 cavity with a diameter of 11.87 mm, the corresponding FSR is 5.5 GHz calculated using the formula FSR = c/(πn g d) where c is the speed of light in vacuum, n g is the group velocity index and d is the diameter of the disk. the twice value of the Brillouin shift. Therefore, by choosing specific WGMs in an optimized coupling condition, we are able to observe the FWM between the pump and the even order Brillouin Stokes as shown in Fig. 4 . We further implemented the Pound-Drever-Hall (PDH) technique in order to lock the pump laser frequency to the selected WGM resonance. A 2 × 2 fiber coupler was used to combine both the forward and backward beams. The attenuator was adjusted such that the power is balanced in both directions. We were able to record the spectra of the universal scattering with lower pump power as shown in Fig. 5 . It is however important to note that the Raman coupling between the modes around the pump and those around the 1st Stokes line is incoherent; however, the group of modes for the first Raman Stokes line is mainly phase-locked because they are strongly coupled by the coherent Kerr-induced FWM [23] . At the experimental level, the coherence of the Brillouin and Raman combs can be monitored after separate photodetection through the linewidth of the corresponding beatnotes. Figure 6 shows the the examples of beatnotes obtained in BaF 2 disk resonators. It can be seen that the 20-dB linewidth of these beatnotes is in the kHz range. It is expected that the largest part of this linewidth originates from noise, and that further improvement of the phase-locking technique and optimization of the mode coupling conditions would significantly improve this spectral purity. Figure 7 shows the typical temporal response observed for the transmitted and reflected signals as the pump is detuned across the resonance. 
Experimental results: universal nonlinear scattering in strontium fluoride
To further investigate the cm-size WGM cavity as a versatile optical platform for simultaneously inducing Brillouin, Raman lasers and Kerr combs, we have also investigated a handily polished cavity made from a 1.2 cm diameter SrF 2 disk preform. As SrF 2 has a refractive index of 1.430 slightly smaller than that of silica fiber, a low loss tapered microfiber is sufficient to excite the high-Q WGMs [49] . Figure 8 shows the experimental observed optical spectra in SrF 2 . During the measurement, the fiber taper was put in contact with the cavity. An incident laser at 1548.7 nm with 40 mW was launched through the tapered fiber coupler. Similar to BaF 2 , the laser frequency was kept scanning across a selected mode for pumping. In the OSA1, one can clearly see the Raman lasing in the SrF 2 cavity. The measured Raman shift of 283 cm −1 matches the reported value [50] . Due to the fact that the Raman laser at 1619.7 nm is outside the measurable spectral range of the OSA2, we hereby only present the high resolution spectra obtained by the OSA2 around the pump wavelength. Figure 8 (b) shows the optical spectrum in the forward direction. Similar to BaF 2 , we also observe a comb with frequency spacing of 6.1 GHz that is one FSR of the cavity. As it occurs with the Raman laser, it is a signature of Raman assisted FWM. Besides, one notifies a new spectral component with an offset of 9.8 GHz from the pump laser. To understand this peaks, we have carried out the calculation of backscattered Brillouin shift that usually results from the interaction between the intracavity light and the longitudinal acoustic wave in fluoride cavities [16] . This value can be expressed as [1] : Ω B /2π = 2n eff V a /λ p where n eff is the effective refractive index of the optical mode, λ p is the pump wavelength in vacuum, and V a is the longitudinal acoustic wave speed. The last one can be calculated using V a = [(C 11 + C 12 + 2C 44 )/(2ρ)] 1/2 , with C 11 , C 12 , C 44 being three independent elastic constants and ρ the material density. These values in SrF 2 are {1.2350, 0.4305, 0.3128} × 10 11 N.m −2 and 4.24 g.cm −3 , respectively [51] . This yields a sound speed of V a = 5.20 km.s −1 . Considering the material refractive index of 1.430 at 1548.7 nm, we find a Brillouin shift Ω B /2π = 9.60 GHz, which is close to the value we measured. The observation of this peak in the forward direction comes from the Rayleigh scattering induced feedback in the cavity. Figure 8 (c) further verify the observed Brillouin laser in the backward direction. However, we do not observe the second Brillouin Stokes. This could be due to the fact that no strong resonance exits in the second Stokes position. Beside the first Brillouin Stoke, more complicated spectral components are present in the backward direction. Nevertheless, it can be seen as two independent one-FSR spaced combs around the Brillouin Stokes and an anti-Stokes (colored in black). These combs are the FWM products of the Brillouin lasers and the corresponding Raman combs, as referred to BRFWM. The observation of complex spectra with a lower pump in SrF 2 could result from its much smaller material dispersion when compared with BaF 2 .
Theoretical analysis and numerical simulations
The Brillouin, Raman and Kerr effects result from the interaction between the pump field and the crystals of interest at the lattice, molecular and electronic scale, respectively. A unified description of the simultaneous excitation of these three scattering behaviours requires taking into account the very wide diversity of time-scales and nonlinear interactions involved for each effect. For example, a dynamical description of Brillouin scattering has to involve coupled equations for the intra-cavity backward and forward fields, and for the azimuthal acoustic field which is mediating the phonon-photon interaction. A spatiotemporal model for Raman scattering in WGM resonators needs to incorporate all-order dispersion since the optical phonons are scattered several tens of THz away from the pump; Spatiotemporal models for Kerr combs have already been provided in the literature under the form of a generalized Lugiato-Lefever equation (or LLE). From a theoretical viewpoint, our spatiotemporal model will therefore consist in generalizing the LLE to include Raman scattering (forward field E ), and in coupling this equation to both the multimode backward field B, and in providing a dynamical equation for acoustical phonon field S which couples the contra-propagating multimode fields E and B. An important challenge is to provide here a consistent theoretically model which accounts for the fact that experimentally, the forward field E and the Brillouin-induced backward field B do propagate in different transverse mode families (see Fig. 1 ), which are coupled by the phonon field S . The three fields of interest in the cavity can be expanded in the moving frame as
where t is the time, θ ∈ [−π, π] is the azimuthal angle along the rim of the disk, E n (t) and B n (t) are the slowly-varying amplitudes of the forward and backward optical fields, which are nΩ FSRshifted with regards to the pump (n being integer or half-integer). The variables Q and R are the slowly-varying amplitudes of the forward and backward acoustic phonon fields [2, 52] with a Brillouin shift Ω B = 3 2 Ω FSR . The spatiotemporal dynamics of the intracavity fields is explicitly written as
Equation (4) governs the dynamics of the forward optical field, and the first term in the righthand side (RHS) describes the total (intrinsic and extrinsic) losses, characterized by the fulllinewidth 2κ = ω C /Q tot , where Q tot is the loaded quality factor. The second term accounts for the effect of the off-resonance pumping, with σ e = ω L − ω C being the laser frequency detuning with respect to cold-cavity resonance of the pumped mode. The third term includes both the material and geometrical dispersion at all orders through the dispersion operator
where the β k are dispersion coefficients. The fourth term accounts for the external pumping term, which depends on the coupling full-linewidth 2κ ext , on the intra-cavity round-trip time T FSR = 2π/Ω FSR , and on the optical pump power P L . The fifth and sixth terms describe the Raman and Kerr effects (self-and cross-phase modulation), respectively. The strength of these χ (3) nonlinearities is proportional to the coefficient γ = ω L n 2 /cA eff , where n 2 is the nonlinear optical coefficient, and A eff ∼ λ L 7 6 a 5 6 is the effective mode area. The spectro-temporal behavior of the Raman induced-fields is governed by the impulse response h R (t) which accounts for the delayed molecular response of the crystals, and its strength is also proportional to the Raman fractional response f R . The seventh and last term accounts for the Brillouin interaction with the backwards and acoustic fields. The coupling parameter is η = g B /2A eff where g B is the usual Brillouin gain in units of m/W. Equation (5) optical field, which is subjected to linear losses, cavity detuning and Brillouin gain. Finally, the dynamics of the acoustic field is ruled by Eq. (6). The acoustic losses are characterized by the phonon lifetime τ B = 1/2µ, and this phonon field is excited by the optical fields E and B through quadratic inner product terms of the kind
For the sake of simplicity, we have only included in Eqs. (4)- (6) the core ingredients needed to understand essential physical interactions between Brillouin, Raman and Kerr nonlinearities. We have for example omitted some marginal features like acoustic field detuning and spatial dynamics, effect of the backward field on Raman scattering, or imperfect overlap between the different families of transverse modes. Here we further discuss the determination of the overall dispersion at all orders. Complete accounting for higher-order dispersion coefficients β k becomes here mandatory because the Raman gain is shifted up to multiple tens of THz away from the pump. The determination of all-order dispersion is very well documented in the literature when only the chromatic contribution is accounted for (see [2, 3] and references therein). We explain below how to include geometrical dispersion as well in the case of our disk-resonators. All-order dispersion is accounted for through the operatorD θ ≡D chr +D geo which yields a dispersion profile in the Fourier-domain, with
andD
being respectively the chromatic and geometrical contributions to dispersion, where
where ω L is the laser angular frequency. The chromatic dispersion can be accurately determined using the Sellmeier expansion of n(ω) (see Table 1 ), while the contribution of geometrical dispersion can be calculated from the approximation of spherical resonators [55] , which is accurate for disk-resonators with curvature radii significantly larger than the pump wavelength, with ξ q being the q th root of the Airy function Ai(−z) for eigenmodes in the q th radial family.
In the present work, we model the Raman gain g(Ω) as a Lorentzian lineshape of peak value g R , center frequency Ω R and FWHM linewidth ∆Ω R . Hence, the fractional impulse and the fractional coefficient can be respectively expressed as
where τ 1 = 1/Ω R , τ 2 = 2/∆Ω R , and H(t) is the Heaviside step function, and n 2 is the nonlinear coefficient at ω L [2] . It is important to note that even though the fractional impulse function is generally written as a function of (the so-called fast) time, it can easily be written as a function of the azimuthal angle θ through the formal transformation t → θ /Ω FSR . Accordingly, the convolution integral from ±∞ can now be performed with regards to θ from ±π, provided that the exponential decay time τ 2 (inverse of the Raman gain linewidth) is significantly smaller than the round-trip time of the resonator (in other words, the oscillations h R (t) have to fit within one round-trip time T FSR = 2π/Ω FSR ). As a consequence, this model is valid for large resonators (for which Ω FSR Ω R , that is d v g τ 2 , with v g = c/n g ), but not for small ones such as microring resonators.
The simultaneous generation of Brillouin, Raman and Kerr scattering can be analyzed after simulating Eqs. (4)-(6), as presented in Fig. 9 . The model enables to track the instantaneous spectro-and spatio-temporal dynamics of the optical and acoustic intracavity fields. Figures 9 (a) and (b) display the sequential birth of the Stokes and anti-Stokes Brillouin lines, which are separated with a frequency Ω B . On Figs 9(c) and (d), the spectral lines excited by the Kerrinduced FWM are displayed. These lines clearly have an non-stationary behavior because they are dynamically coupled to the Raman lines displayed in Figs. 9(e) and (f). It is noteworthy that our model replicates all the main features of the experimental data in terms of relative amplitudes, frequency shifts and stability of the oscillating modes.
Conclusion
In conclusion, we have reported the simultaneous excitation of Brillouin, Raman and Kerr effects in cm-scale ultra-high Q WGM crystalline resonators fabricated with barium fluoride. The present research shows that the cm-size monolithic cavity platform can be used to induce multi-resonant enhanced nonlinear optical effects with a relatively low power CW laser. The cm-size disks feature FSR of the same order of magnitude as the Brillouin frequency shift. Together with rich multimode structures, they favor the fulfillment of experimental conditions for co-excitation of universal nonlinear effects in one single resonator. We have also developed a spatiotemporal model which has enabled us to understand theoretically this complex lasing behavior, which involves light-matter interactions at lattice, molecular and electronic scales. It is also an excellent method to implement a strategy to suppress undesirable effects if needed (by frustrating some transverse mode interactions, tuning appropriately the pump laser frequency/power, etc.) From a broader viewpoint, our study provides unambiguous evidence that ultra-high Q WGM resonators can host simultaneous nonlinear frequency conversion processes in different materials, and that the corresponding output signal can be harvested for a wide range of applications including sensors, telecommunications and all-optical information processing, and quantum information [56] .
